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We show that while some non-uniformly accelerating observers (NUAOs) do indeed see a Bose-
Einstein distribution of particles for the expectation value of the number operator in the Minkowski
vacuum state, the density matrix is non-thermal and therefore a definition of temperature is not
warranted. This is due to the fact that our NUAOs do not see event horizons in the spacetime.
More specifically, the Minkowski vacuum state is perceived by our NUAOs as a single-mode squeezed
state as opposed to the two-mode squeezed state characteristic of uniformly accelerating observers.
Both single and two-mode squeezed states are pure quantum states; however, tracing over degrees
of freedom in one of the modes of the two-mode squeezed state reduces the pure density matrix
to a thermal density matrix. It is this property in the two-mode squeezed state that allows one to
consistently define a temperature. In the single-mode case, an equivalent tracing is neither required
nor available.
I. INTRODUCTION
Soon after the discovery by Hawking [1] that black
holes possess temperature, Davies [2] and Unruh [3], fol-
lowing the work of Fulling [4], showed that observers
moving with constant proper acceleration in flat space-
time see the Minkowski vacuum as a thermal bath with
temperature T = ~a/2pik [2, 3]. The Unruh effect has
deservedly become the prime flat-spacetime example il-
lustrating a deep connection between relativity, quantum
mechanics, and thermodynamics.
In this paper we show that Rindler observers (i.e., ob-
servers moving in flat spacetime with constant proper
acceleration) are rather special in their identification of
the Minkowski vacuum as a thermal state. We make use
of the non-uniformly accelerating observer (NUAO) solu-
tion found in [5], where observers accelerate to terminal
velocities less than the speed of light, to study the prop-
erties of the Minkowski vacuum seen by this accelerating
observer.
In Sec. II we give a brief review of quantum field the-
ory in non-inertial reference frames, followed by a de-
tailed calculation of the creation and annihilation oper-
ators seen by our NUAOs. We show that these acceler-
ating observers see a Bose-Einstein distribution of parti-
cles, which strongly suggests the definition of a pseudo-
temperature in analogy with the Unruh temperature.
In Sec. III, we justify that this is indeed a pseudo-
temperature. We solve for the complete expansion of
the Minkowski vacuum in terms of the accelerating ob-
server’s particle number states. Furthermore, we prove
that our NUAOs experience the Minkowski vacuum as a
single-mode squeezed state and not the typical two-mode
squeezed state seen by Rindler observers. This single-
mode pure quantum state does not allow for a natural
reduction to a mixed state, and the thermal state char-
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acteristic of the Unruh effect never enters the physics de-
tected by the NUAO. The absence of a thermal state in-
validates the seemingly natural definition of temperature
suggested by the Bose-Einstein distribution of particles
measured by the NUAO.
Sec. IV is concerned with the differences between that
of a Rindler observer and our NUAO. We discuss the
physics of our NUAOs in the context of squeezed states,
entanglement, black hole physics, and the physical impli-
cations thereof. A final remark on general accelerations
is given.
II. QUANTUM FIELDS AND
NON-UNIFORMLY ACCELERATING
OBSERVERS
We begin with a massless scalar field and show that
non-uniformly accelerating observers see a Bose-Einstein
distribution for the expectation value of the number op-
erator 〈NΩ〉 in the Minkowski vacuum.
∂2Φˆ
∂t2
− ∂
2Φˆ
∂x2
= 0 (1)
We change to light cone coordinates u = t − x and v =
t+ x. The wave equation becomes
∂2Φˆ
∂u∂v
= 0 (2)
The general solution to (2) is
Φˆ = Φˆ1(u) + Φˆ2(v) (3)
The left (Φˆ1(v)) and right (Φˆ2(u)) moving solutions to
the field equation are non-interacting; for brevity, we an-
alyze the left-moving solution Φˆ2(v) = Φˆ(v). We expand
the field in terms of Fourier modes as follows:
Φˆ(v) =
∫ ∞
0
dω√
4piω
[
aˆω e
−iωv + aˆ†ω e
iωv
]
(4)
2where the creation (aˆ†ω) and annihilation (aˆω) opera-
tors for the Minkowski observer obey the standard (dis-
cretized) commutation relation [aˆω, aˆ
†
ω′ ] = δωω′ .
The non-uniformly accelerating observer under consid-
eration sees the following metric [5]:
ds2 = cosh
(
X + T
α
)
cosh
(
X − T
α
)
(dT 2 − dX2) (5)
where the parameter α is related to the acceleration and
the initial velocity of the observer. If we switch to light
cone coordinates U = T − X and V = T + X in the
accelerating frame, the metric becomes
ds2 = cosh
(
V
α
)
cosh
(
U
α
)
dV dU (6)
The relationship of U , V to the corresponding Minkowski
coordinates u, v is given by [5]
u = α sinh
(
U
α
)
, v = α sinh
(
V
α
)
(7)
Note that both coordinate systems (u, v) and (U, V ) cover
the entire spacetime and there is no problem with the
origin in the accelerating frame [5]. In other words, the
acceleration of the NUAO does not become infinite as we
approach the origin. Additionally, this results in a single
pair of creation and annihilation operators for the accel-
erating observer, in contrast to the two pairs required for
uniformly accelerating observers.
The equation satisfied by the scalar field in the acceler-
ating observer’s coordinates U and V is formally identical
to (2).
∂2Φˆ
∂U∂V
= 0 (8)
The solution is then analogous to (3). Selecting again
the left-moving solution we write
Φˆ(V ) =
∫ ∞
0
dΩ√
4piΩ
[
bˆΩ e
−iΩV + bˆ†Ω e
iΩV
]
(9)
in terms of the Fourier modes. The creation (bˆ†Ω) and
annihilation (bˆΩ) operators in the accelerating frame sat-
isfy the same commutation relation [bˆΩ , bˆ
†
Ω′ ] = δΩΩ′ . We
identify equations (4) and (9) and solve for the creation
and annihilation operators in the accelerating frame. We
multiply by e−iΩ
′V and integrate over V to obtain bˆ†Ω.
bˆ†Ω =
√
Ω
2pi
∫ ∞
−∞
dV
∫ ∞
0
dω√
ω
[
aˆω e
−iωv e−iΩV+aˆ†ω e
iωv e−iΩV
]
(10)
We refer to equations (7) and replace v = α sinh(V/α) in
the exponentials inside the integral. The integral formula
for the modified Bessel function of the second kind [6]
Kν(x) =
1
2
e−iνpi/2
∫ ∞
−∞
dt e−ix sinh t−νt (11)
is valid when x > 0 and −1 < ℜ(ν) < 1. Therefore, using
the fact that K−ν = Kν , we have
bˆ†Ω =
α
pi
√
Ω
∫ ∞
0
dω√
ω
KiΩα(ωα)
[
e−piΩα/2aˆω + e
piΩα/2aˆ†ω
]
(12)
At this point, the integral diverges, of course, and a regu-
larization procedure must be adopted. The details do not
matter for our purposes, since our results will be indepen-
dent of the specific regularization procedure. Denoting
by χ(ω) the combination
χ(ω) ≡ α
pi
√
Ω
ω
KiΩα(ωα) (13)
we may write the expression for bˆ†Ω as
bˆ†Ω = e
−piΩα/2
∫ ∞
0
dωχ(ω) aˆω + e
piΩα/2
∫ ∞
0
dωχ(ω) aˆ†ω
(14)
Similarly, taking the adjoint of equation (14) gives the
following expression for bˆΩ.
bˆΩ = e
piΩα/2
∫ ∞
0
dωχ(ω) aˆω + e
−piΩα/2
∫ ∞
0
dωχ(ω) aˆ†ω
(15)
We may now isolate the operator aˆω that annihilates
the Minkowski vacuum |0M 〉 by solving the system of
equations (14) and (15) for aˆω.
epiΩα bˆΩ − bˆ†Ω =
(
e2piΩα − 1) ∫ ∞
0
dωχ(ω) aˆω (16)
The combination bˆΩ−e−piΩα bˆ†Ω therefore annihilates the
Minkowski vacuum,(
bˆΩ − e−piΩα bˆ†Ω
)
|0M 〉 = 0 (17)
We construct the number operator NΩ = bˆ
†
ΩbˆΩ for the
accelerating observer and determine the average particle
number 〈0M |bˆ†Ω bˆΩ|0M 〉. Using equation (17) we find that
the norm of the state bˆΩ|0M 〉 is
〈0M |bˆ†Ω bˆΩ|0M 〉 = 〈0M | e−2piΩα bˆΩ bˆ†Ω|0M 〉 (18)
Finally, we use the commutator [bˆΩ , bˆ
†
Ω] = 1 on the right
side of equation (18) to obtain
〈0M |bˆ†Ω bˆΩ|0M 〉 =
(
e2piΩα − 1)−1 (19)
Equation (19) shows that the non-uniformly accelerat-
ing observer sees a Bose-Einstein distribution in the
Minkowski vacuum. One would therefore expect to be
able to define a temperature from 2piΩα = E/kT and
E = ~Ω as
T =
~
2pikα
(20)
directly from the Bose-Einstein statistics. Although the
association of the state with a temperature seems well
justified, we now show that this is not the case.
3III. EXPANSION OF THE MINKOWSKI
VACUUM
We expand the Minkowski vacuum state in terms of
the accelerating observer’s number eigenstates.
|0M 〉 =
∑
{ni}
|{ni}〉〈{ni}|0M 〉 (21)
The states |{ni}〉 are calculated by repeated action of
the bˆ†Ω creation operators on the accelerating observer’s
vacuum state |0〉. We abbreviate bˆΩi = bˆi and write〈{ni}|0M 〉 in terms of products of annihilation operators
acting to the left.
〈{ni}|0M 〉 = 1√
n1! · n2!...
〈0|(bˆ1)n1(bˆ2)n2 ...|0M 〉 (22)
Equation (17) in combination with repeated applications
of the commutator [bˆΩ , bˆ
†
Ω] = 1 yields
bn|0M 〉 = e−piΩα(N + n− 1)bˆn−2|0M 〉 (23)
where N = b†b is the number operator. Iterating the
process for bˆn−2, bˆn−4, . . . we find
〈{ni}|0M 〉 =
{
〈0|0M 〉
∏
j e
−njpiΩjα/2 (nj−1)!!√
nj !
(nj even)
0 (nj odd)
(24)
We relabel ni by 2ki where ki is the number of pairs of
particles; this allows us to write a summation over all ki.
The expansion of the Minkowski vacuum becomes
|0M 〉 = 〈0|0M 〉
∑
{ki}
(∏
i
(2ki − 1)!!√
(2ki)!
e−kipiΩiα
)
|{2ki}〉
(25)
We calculate the transition amplitude 〈0|0M 〉 by left-
multiplying by 〈0M |, replacing 〈0M |{2ki}〉 with our result
from equation (24) and switching the order of product
and summation.
1 = 〈0M |0M 〉 = |〈0|0M 〉|2
∏
i
∞∑
ki=0
e−2kipiΩiα
[(2ki − 1)!!]2
(2ki)!
(26)
Each sum in equation (26) is given by the closed form
∞∑
k=0
(e−2piΩiα)k
[(2k − 1)!!]2
(2k)!
=
(
1− e−2piΩiα)−1/2 (27)
Substitution of the closed form (27) into equation (26)
leads to
〈0|0M 〉 =
∏
i
(
1− e−2piΩiα)1/4 ≡ Z−1/2 (28)
where we have dropped an irrelevant phase in extracting
the square root. Replacing this result for the vacuum-to-
vacuum transition amplitude into equation (25) deter-
mines the expansion of the Minkowski vacuum in terms
of pairs of bosons to be
|0M 〉 = Z−1/2
∑
{ki}
(∏
i
(2ki − 1)!!√
(2ki)!
e−kipiΩiα
)
|{2ki}〉
(29)
We may now elucidate the relationship between the two
vacua. Writing equation (29) as an operator relationship
between the two vacuum states is easily accomplished,
|0M 〉 = Z−1/2
∏
i
exp
[
1
2
e−piΩiα
(
b†Ωi
)2]
|0〉 (30)
With some effort, one can show that equation (30) is
equivalent to
|0M 〉 =
∏
i
exp
{
−1
4
ln tanh
(
piΩiα
2
)[(
b†Ωi
)2
−
(
bΩi
)2 ]}
|0〉
(31)
Note that the operator acting on |0〉 is unitary and is in
fact the product of squeezing operators for single-mode
states [7]. This shows explicitly that the Minkowski vac-
uum |0M 〉 is a single-mode squeezed |0〉 vacuum, and
equation (19) may now be seen to be in agreement with
a well-known result in quantum optics.
IV. CONCLUSIONS
We have shown that the Minkowski vacuum is per-
ceived as a pure single-mode squeezed state by the accel-
erating observer.
In the case of uniformly accelerating Rindler observers,
the same Minkowski vacuum is perceived as a pure two-
mode squeezed state. However, Rindler observers see an
event horizon which forces a tracing, in either the left or
right wedge, over inaccessible entangled degrees of free-
dom. The loss of entangled information reduces the pure
density matrix ρ = |0M 〉〈0M | to a thermal mixture.
In the case of the non-uniformly accelerating observer,
there is no need for an equivalent tracing over inaccessible
degrees of freedom, or even a motivation for doing such
a thing given that this observer sees no event horizon
and has complete access to the entire spacetime. There-
fore, defining a temperature T = ~/2pikα is not justified
despite the fact that the Bose-Einstein nature of the par-
ticle number distribution appears to suggest a thermal
state.
Stated differently, thermal states should not be asso-
ciated with accelerations in general, but only with accel-
erations capable of introducing horizons in the frame of
the accelerating observer.
Even constant acceleration does not guarantee the ex-
istence of a temperature [10].
From the point of view of black hole physics, the ob-
servers considered in this paper are in a sense “interme-
diate” between freely falling and stationary observers. It
would be interesting to see if these observers can shed
any additional light on the issues of black hole comple-
mentarity and firewalls [8, 9].
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APPENDIX A: RINDLER OBSERVERS AND
UNRUH TEMPERATURE
We have already noted that equation (20) cannot be
interpreted as the temperature of the particle distribu-
tion detected by our accelerating observer. Of course, a
similar definition is warranted in the case of a Rindler ob-
server. This naturally raises the question as to whether
the Unruh temperature can be obtained from our results.
At first sight it may appear that we have two incompat-
ible expressions, since the Rindler observer is the α → 0
limit of our NUAO. However, as pointed out in [5], the
limit should be taken as the NUAO’s incoming velocity
v∞ → 1 with the product αγ∞ fixed, where γ∞ is the
gamma factor associated with v∞. Furthermore, in this
limit the relationship between the observer’s time dT and
the proper time dτ becomes γ∞dT = dτ .
This implies that energies and temperatures defined
with respect to the proper time must include a gamma
factor; in particular,
Tτ =
~
2pikαγ∞
(32)
replaces equation (20). Since αγ∞ = 1/apr, as v∞ → 1
[5], the temperature becomes
Tτ =
~ apr
2pik
(33)
and we have agreement with the Unruh temperature.
APPENDIX B: VERIFICATION OF
BOSE-EINSTEIN DISTRIBUTION OF PARTICLE
NUMBERS
We check our expansion of the vacuum state by an
independent calculation of the expectation value for the
number operator. From equation (29), 〈0M |NΩj |0M 〉 is
〈0M |Z−1/2
∑
{ki}
(∏
i
(2ki − 1)!!√
(2ki)!
e−kipiΩiα
)
NΩj |{2ki}〉
(34)
The number operator acting on the states gives
NΩj |{2ki}〉 = 2kj|{2ki}〉. Substitution of 〈0M |{2ki}〉
from (24) then yields
〈0M |NΩj |0M 〉 = Z−1
∑
{ki}
(∏
i
(2ki − 1)!!√
(2ki)!
e−kipiΩiα
)2
2kj
(35)
Equations (27) and (28) imply that the infinite prod-
uct will produce a cancellation of every Zi factor in the
product, with a corresponding term in the normalization,
except when i = j. Hence
〈0M |NΩj |0M 〉 = Z−1j
∞∑
kj=0
[(2kj − 1)!!]2
(2kj)!
e−2kjpiΩiα 2kj
(36)
The remaining sum is easily evaluated by taking a deriva-
tive of (27). The result is
〈0M |NΩj |0M 〉 = (e2piαΩj − 1)−1 (37)
This is the same Bose-Einstein distribution found in Sec-
tion 2.
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